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Del ay and Fringe Rotation in Digital Beam Forners
Wl bert Lynn Urry

Abstr act

An antenna is pointed at a source nmechanically.
An array of antennas nust be pointed electrically.
El ectrical pointing involves adjusting the relative
del ays and phases of the signals comng fromthe
antennas. The anount of delay error that can be
tolerated for a given bandwidth is discussed fromthe
poi nt of view of a w deband system Narrower
bandwi dt hs can tolerate greater delay error so a
systemthat slices up the wide bandwi dth into many
narrow bandwi dths is introduced as an option to solve
the del ay problem of a wi de bandw dth system If the
cost per beam of providing a fine resolution del ay
exceeds the cost of frequency slicing then frequency
slicing is recoomended. The rel ative conplexities of
the two nethods are conpared.

Del ay and Fringe Rotation

As the earth turns beneath a radi o source in the sky,
antennas in an array nove at different speeds relative to
each other. The notion of the tilting array causes the
signal arriving at each of the antennas to experience a
di fferent Doppler shift. Wen the antenna signals are
mul tiplied together the correlation or fringe is nodul ated
by the Doppler shift. The array tilt al so causes the
arrival time for the signal at each of the antennas to be
different. The Doppler shift produces fringe rotation or
nodul ati on and the delay causes | oss of coherence. Anal og
systens have traditionally solved these problens by two
devices. First, to nake up for the delay difference, a
switching delay line is introduced at each antenna, and
second, the first LO at each antenna is tuned to a slightly
different frequency to nake up for the frequency shift in
t he signal caused by the antenna notion.

In a digital systemthe signal fromeach antenna is
sanpled at its Nyquist rate. The sinplest way to delay a
digital signal is to pass it through a shift register
clocked at its sanple rate'. Each stage of the shift
register will delay the signal by one sanple interval. The
anount of delay is, then, equal to the nunber of shift



regi ster stages tines the Nyquist interval. The delay can
be changed by changi ng the nunber of shift register stages.
Unfortunately, this delay change is “gritty” so that phase
error is introduced into the neasurenent between del ay

j unps.

Consi der the tinme-shifted Fourier transformpair.
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where phase angle q=2pft q in radians
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Phase angl e as a function of frequency
t hrough a del ay.

For a constant del ay the phase angl e renai ns const ant
at any given frequency. In our case the phase angl e changes
continually because of the change in del ay.
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Fringe rate as a function of frequency
t hrough a constantly changi ng del ay.

The fringe rate f may be renoved by changing the LOto
fo+tf,. Notice, however, that the fringe rate is renoved at

only one frequency and a fringe rate slope still exists
across the passband.



Resi dual fringe rotation across the passband after the
RF has been transl ated down to baseband.
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A 3D view of the rotating fringe at the edge
of the baseband.

At the band edge f,, the fringe rotates from-90 to +90

degrees as the delay error grows to the sanpl e spacing.
When an extra sanple spacing worth of delay is introduced,
the phase error at the band edge snaps back from +90 to -90
degrees. Since the signal does not add positively

t hroughout the entire integration there is some signal

| oss, especially at the band edge where the notion is
greatest. Since the instrunent is designed to neasure
spectra it is necessary to determ ne the worst case error
in the neasurenent at any frequency. This error occurs at

t he band edge.

+al2 :
signal = 1 Cpospxdx = 2sin(pa/2)
A a2 pa

Were a = a fraction of the Nyquist interval.



Plot of the integrated signal as a function of
delay error relative to the Nyquist interval

The above plot is derived fromthe phase activity of a
signal relative to the phase center of the array. The phase
activity fromone antenna to another will be different. The
pl ot shows that only 64% of the signal remains at the band
edge with Nyqui st spaced del ay conpensation. Since the
noi se remains the sane it represents a loss in signal to
noi se ratio. This signal |oss may not represent much of a
probl em except that the anobunt of |loss in practice depends
upon which antenna it’s crossed or conpared with and where
it’s pointed. The gain at the band edge becones difficult
to predict so power neasurenents at the band edge are
i naccurate. It is necessary for finer delay adjustnments to
be made.

Del ay Tracking

A sinple way to provide finer delay resolutionis to
buy a nore expensive A-D converter and over-sanple the
signal. The over-sanpled signal can then be nultipl exed
into a nenory that is configured as a fast shift register.
Over-sanpling by a factor of two can potentially recover
90% of the signal. Over-sanpling by a factor of four can
recover 97.4% and a factor of eight produces 99. 3% signal
recovery.

Sone of the delay change grittiness can be renoved by
follow ng a nodest Nyqui st sanpling A-D converter with an



interpolation filter. An interpolation filter determ nes

t he val ues of a signal between sanples. The problemw th an
interpolation filter is the fact that it is made up of many
coefficients that nust be constantly changi ng. The
interpolation filter may be conbined with over-sanpling to
advantage. Wth over-sanpling a nore rel axed anti-aliasing
filter may be used before the A-D converter. A pol yphase
interpolation filter may then be used to clean up the anti -
aliasing characteristics as well as providing fine del ay
adj ust mrent. Anot her approach may be to conbi ne the
interpolation filter with a wndowing filter in front of an
FFT machi ne to nake a pol yphase filter bank but at an
increase in conplexity.

A better place to apply fine delay tracking is after
t he pol yphase filter bank. A conplex phase rotator can
mul ti ply the pol yphase filter output. A conplex phase
rotation at this point can acconplish two things. Not only
can fine delay conpensation be acconplished, but fringe
rotation can be renoved here rather than at the first LO A
filter bank is especially useful if you intend to break up
the spectruminto frequency bands anyway. |If as few as 8
channels of filter bank are used, then the delay precision
for the narrower bandwi dth is increased by a factor of 8
and 99. 3% of the signal can be recovered. Loss of
coherence, to be discussed later, requires a factor of 16
to recover 99. 3% of the signal

A 16-channel pipeline FFT is a rather sinple device?
The rule of thunb for the relative conplexity of an FFT
device is that the nunber of conplex multiply-adds required
goes according to Nl ogN where N is the nunber of channels.
If the logic being used clocks at the signals’ Nyquist rate
then only | ogN conplex multiply-adds are required. It takes
N cl ock pulses for the FFT to conpl ete one conversion. The
pi pel i ne FFT consists of 16 stages of conplex storage and
four conplex multiply-adders. The multiply-adders rotate
the signal by 180, 90, 45 and 22.5 degrees. The first two
of these rotations are trivial. By adding a multiplier-
adder and 32 stages of conplex storage, the input wi ndow to
the FFT nay be expanded by a pair of w ndow wi dths. Six
w ndow wi dt hs shoul d easily provide a good pol yphase filter
bank with steep sides and 60 db sidel obes. The cost of a
16- channel pol yphase filter bank is five conpl ex
mul tiplier-adders and 128 stages of conpl ex nunber storage.
An interpolation filter would require at | east one conpl ex
mul ti plier-adder per coefficient.



A Multichannel Quadrature GOscill ator

It could be argued that following a filter bank with
several quadrature mxers is a |lot nore expensive than
having just one mxer in front of the bank. This is not the
case. The data rate in front of the filter bank is the sane
as the rate following it. Only one mxer is required in
both cases. The m xer following the filter bank nust have a
mul ti pl exi ng capability.
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Exanpl e of a nultichannel digitally controlled oscillator.

The above is a diagramof a digitally controlled
oscillator that can multiplex between as many i ndependent
signals as there is capacity in the separate nenories. At
start-up the initial phase is |oaded into the address



register menory and the initial rate is |oaded into the
fringe rate nmenory. The fringe rate nmenory contains a
nunber that determ nes the phase step per sanple. At each
sanple interval the nunber in the fringe rate nenory is
added to the nunber in the address register nenory and the
address for the | ook-up table is stepped. The above digital
oscillator has a provision for updating the fringe rate
nunber so that a gradually changing fringe rotation can be
tracked. The above oscillator can acconmopdate as many
separate signals as can be stepped through between the
sanple intervals of the narrow band filters.

W de- band and Frequency Sliced Beam Forners

The mul ti-channel quadrature oscillator may follow the
filter bank or it may follow a corner turner. If it follows
the corner turner it would properly becone part of the
“back-end” where it could potentially be used to
i ndependently steer an el ectronic beamto anywhere in the
t el escope mai n beam
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Fringe rotation

Frequency sliced beam forner

The nunber of frequency slices in the sliced beam
former is Mand the nunber of antennas is N. There are only
N adders required in the sliced beamfornmer rather than M
(one for each slice) because the silicon used for the
adders is as fast as the silicon used for the filter bank.
If, for instance, there are three tines as nmany slices as



antennas then each adder has tine enough to service three
slices producing three beans.

The principal difference between the two systens is
the interpolation filter and the filter bank. The
interpolation filter could be | ess expensive than the
filter bank | eading to a conclusion that the w deband
solution is | ess expensive. What nust be consi dered,
however, is how nuch does it cost to add another beamto
the systenf? The w deband sol ution requires that another
Nyqui st delay line, interpolation filter, quadrature m xer
and a set of N-1 adders be added for each new beam Addi ng
anot her beamto the frequency sliced solution requires only
a digital nultichannel quadrature m xer and a set of N
adders.

Addi ng nore beans by using separate nultichannel
guadrature mxers is very simlar to followng the filter
bank with a discrete Fourier transformand the system
begins to look like a direct imaging system The bandw dth
of each slice becones inportant for consideration of both
coherence and chromatic aberration. Unlike the previous
consi deration of phase tw st across the band, delay error
can cause a |l oss of signal across the whole band from a
| oss of coherence. Wiile this signal |oss represents a | oss
in signal to noise ratio and thus sensitivity, it is
conpletely predictable. If you know what the delay error is
then you know what the signal loss is. Chromatic aberration
becones a probl em when spectral content at the extrene ends
of the frequency slice cone fromdifferent points in the
sky.

The Coherence Probl em

Following is a plot of the autocorrelation function
for a square pass-band shape. The horizontal scale
represents the fraction of the Nyquist spacing for the
signal. As a rule of thunb, two sanples are considered
i ndependent (they aren't really) if they are spaced one
Nyqui st interval apart corresponding tothe first null of
the sinc function. At spacings closer than the Nyqui st
interval the sanples are correlated. The degree of
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Pl ot of the sinc function.

correl ati on depends upon the shape of the pass-band but in
general the pass-band can be considered square. Since a
beam fornmer nust add all of the spectral conponents in the
signal in phase, coherence is an inportant consideration. A
del ay error of one Nyquist interval at the array extrenes
wWill result in the conplete cancellation of the signal from
those antennas. If the delay error is confined to half of a
Nyqui st interval then 64% of the signal can be recovered.
One fourth of a Nyquist interval recovers 90% one eighth
recovers 97.4% and one sixteenth recovers 99.3% Signal

| oss fromany antenna nodifies its weighting in the
aperture and could affect beam shape and si de-| obe |evel.
These consi derations apply to both the w de-band and the
frequency sliced beamfornmers and act in addition to the
phase tw st across the band di scussed above.

A Nyqui st delay line can be used at each antenna to
el ectronically aimat the center of the main beam The
el ectroni c beam can, then, be steered relative to the
center of the main beam using nmultichannel quadrature
m xers. |If the multichannel quadrature oscillator described
above steers the beamrelative to the main beamin a
frequency sliced beam former, then the bandw dth of each



slice nmust be limted. At the extrenmes of the array the
signal will have an extra path length to traverse equal to
the sine of the beamangle tinmes the array width. The

si gnal coherence nust be greater than this path |ength.
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Plot of slice bandw dth vs. steering range in degrees
fromthe main beam

The above plot is for 99.3% signal recovery froma 1Km
array. This plot is based upon the coherence of the signal.
It shows that for a beamdirected to 1.5 degrees off of the
mai n beam a bandw dth of less than 360 KHz is required.
This degree of nmobility is required to reach anywhere
inside a three-degree main beam A 100MHz beam woul d
require at |least a 278-channel filter-bank. A 400 MHz

bandw dth requires at |east 1112 channel s.

A FFT doubl es the nunber of channels with the addition
of each conplex nmultiply-add. Four additional conplex
mul ti ply-adds would bring the nunber of channels from 16 to



256. Two nore, beyond that, brings the nunber of channels
up to 1024.

It could be argued that separating the electronic
steering into two functions, delay and phase, adds to the
conplexity of the system Unfortunately this conplexity
al ready exi sts. The mechani cal and el ectronic pointing are
al ready separate functions. The delay pointing could be
l umped with the nechanical pointing since the delay woul d
be confined to the center of the mechani cal beam

A systemthat conpletely elimnates the Nyqui st del ay
coul d be constructed. Al electronic beam steering could be
acconpl i shed using the nultichannel quadrature m xers. A
tabl e can be constructed for an array with a maxi num
di mrension of 1 Kmand a signal transversal tine of 3.3
usec. For the array pointed at the horizon the follow ng
signal | oss may be expected at the extrenes.

Nyqui st Bandw dt h Si gnal Loss
) 75 KHz 36. 4%
. 25 37.5 KHz 10%
. 125 18. 75 KHz 2.6%
. 0625 9. 375 KHz . 7%

The above table depicts the amount of signal |oss that
can be expected at the outer boundaries of the array for a
frequency sliced beamfornmer with slices of the given
bandw dt hs. A 100 MHz beam woul d require either an 8K or
16K filter-bank to get to the 1% or |less signal |oss |evel.

The Chromatic Aberration Probl em

Returning to the tinme-shifted Fourier transformpair
ht-t) 0 H(f)e®"

where phase angle q=2pft q in radians. A tine delay can be
replaced by a phase shift in a narrow band system In a

w de- band systemthe beamis ainmed electronically by

adj usting individual delays fromeach antenna so that al

of the signals add up constructively in one direction. In a
narrow band system the sanme thing is done using phase-
shifts rather than del ays. The use of phase shifts is




frequency dependent since the anmount of phase-shift
required to direct a beamof a given frequency in one
direction, wll direct a beam of another frequency in

anot her direction. In a frequency sliced beamformer, the
bandw dth of the slices nmust be narrow enough to m nimze
the beam snearing that can occur. Beam sneari ng can produce
a loss in sensitivity and a loss in resol ution.

Considering a beamdirected at an angle g fromthe
center of the main beam It can be shown that® for snall
angl es

f

e

f+1,

4 =9

where f is the frequency of the center of the frequency
slice on the sky, f is the frequency at the band edge

e

relative to the center frequency, and g, is the error angle

of the beam For a beamdirected at an angle of 1.5 degrees
at a frequency of 1.4GH the error angle for a 360KHz band-
wi dth frequency slice is .5" of arc. The expected beam
width for a naturally weighted 700marray is 75" of arc”
The sensitivity |l oss due to beamsnearing is then .67% For
a frequency of 11.2GHz the error angle is .04” of arc. The
expected beamw dth at that frequency is 9" of arc. The
sensitivity loss due to beamsnearing is .4%
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